Abstract. In this paper, we consider spectral properties of Riesz product measures supported on homogeneous Cantor sets and we show the existence of spectral measures with arbitrary Hausdorff dimensions, including non-atomic zero-dimensional spectral measures and one-dimensional singular spectral measures.
Introduction

Given sequences
The set C(B, D) is a homogeneous Cantor set contained in the interval
. The reader may refer to [12, 13, 29] on homogenous Cantor sets.
Define the Fourier transformμ of a probability measure µ byμ(ξ) := The Riesz product measure µ B,D is supported on the homogeneous Cantor set C(B, D) [12, 13] , and it becomes the Cantor measure µ b,d when b n = b and d n = d for all n ≥ 1 [3] [4] [5] 9] . A probability measure µ with compact support is said to be a spectral measure if there exists a countable set Λ of real numbers, called a spectrum, such that {e −2πiλx : λ ∈ Λ} forms an orthonormal basis for L 2 (µ). A classical example of spectral measures is the Lebesgue measure on [0, 1], for which the set of integers is a spectrum. Spectral properties for a probability measure are one of fundamental problems in Fourier analysis and they have close connection to tiling as formulated in Fuglede's spectral set conjecture [14, 17, 18, 20, 22, 23, 31, 32] . In 1998, Jorgensen and Pedersen [19] discovered the first families of non-atomic singular spectral measures, particularly Cantor measures µ b,2 with 4 ≤ b ∈ 2Z. Since then, various singular spectral measures on self-similar/self-affine fractal sets have been found, see for instance [3] [4] [5] [6] 9, 11, [15] [16] [17] 19, 21, 22, 24, 26, 27, 30, 34] . In this paper, we consider spectral properties of Riesz product measures µ B,D supported on non-self-similar homogenous Cantor sets C(B, D). 
For a probability measure µ, define its Hausdorff dimension dim H (µ) by Taking α = 0 and 1 in Corollary 1.3 leads to the existence of zerodimensional non-atomic spectral measures and one-dimensional singular spectral measures respectively, cf. Fuglede's conjecture that any spectral set with positive Lebesgue measure is a tile.
Maximal orthogonal sets of Riesz product measures
A spectral measure may admit various spectra. Fourier series corresponding to different spectra could have completely different convergence rate [8, 30] . To study spectra of a probability measure µ, we recall a weak notation, maximal orthogonal set Λ, which means that {e −2πiλx : λ ∈ Λ} is a maximal orthogonal set of L 2 (µ). As Λ is a maximal orthogonal set (spectrum) of a probability measure µ if and only if its shift Λ + t is for any real t ∈ R. So in this paper we may normalize maximal orthogonal sets (spectra) by assuming that they contain the origin. In 2009, Dutkay, Han and Sun made their first attempt to characterize maximal orthogonal sets of fractal measures in [9] , where a maximal orthogonal set of the one-fourth Cantor measure µ 4,2 is labeled as a binary tree with each vertex having finite regular lengths, see [5] and references therein for general Cantor measures
In this section, we first consider labeling a maximal orthogonal set of the Riesz product µ B,D on homogeneous Cantor set C(B, D).
For labeling a maximal orthogonal set, we introduce some notation. Let
be the set of all finite words. We say that a tree is a D-adic tree if it has ϑ, Σ n D and {δi, i ∈ Σ d n+1 } as its root, the set of all n-th level nodes, and the set of offsprings of δ ∈ Σ n D , n ≥ 1, respectively, where ϑδ := δ and δδ ′ is the concatenation of words
of positive integers satisfying (1.1), we say that τ :
For a maximal tree mapping τ, define (2.1) Denote by #(E) the cardinality of a finite set E, and define the upper Beurling dimension dim + (Λ) of a discrete set Λ of real numbers by
Given sequences B and D satisfying (1.1), (1.5), (1.7) and (1.8), one may verify that the set Λ(τ) associated with a maximal tree mapping τ has upper Beurling dimension being less than or equal to Hausdorff dimension of the homogeneous Cantor set C(B, D),
The above result is established in [10] for maximal orthogonal sets of Cantor measures µ b,d with 2 ≤ b/d ∈ Z. We remark that unlike Fourier frames on the unit interval [25] , spectra of Cantor measures with zero upper Beurling dimension has been constructed by Dai, He and Lai in [5] . The reader may refer to [3-6, 8-11, 15-17, 19, 21, 22, 24-27, 29, 30, 34] and references therein for additional information on self-similar/self-affine spectral measures. By (2.2) and Theorem 2.1, a necessary condition for a countable set to be a spectrum of the Riesz product measure µ B,D is that its upper Beurling dimension is less than or equal to the Hausdorff dimension of the measure µ B,D . The above necessary condition is far from being sufficient. In fact, it is a very challenging problem to find appropriate sufficient conditions, see [4, 5, 9] and references therein for recent advances. In this paper, we provide a simple sufficient condition for spectra of Riesz product measures. 
then Λ is a spectrum of the Riesz product measure µ B,D in (1.4).
As an application, we have the following immediately: Therefore the spectral conclusion in Theorem 1.1 follows from Corollary 2.3.
Spectra of Riesz product measures
In this section, we prove Theorems 2.2. For that purpose, we recall a characterization about spectra of a probability measure µ with compact support, given by Jorgensen and Pederson in [19] , which states that a countable set Λ containing zero is a spectrum for L 2 (µ) if and only if
Denote by deg(G) the degree of a trigonometric polynomial G. Recall that Q(ξ) in (3.1) is a real analytic function. Then the proof of Theorem 2.2 reduces to establishing the following general theorem. 
and (3.4) inf
where D 0 , D 1 are positive constants independent of n ≥ 1. Define a compactly supported distribution φ with help of its Fourier transform by
Proof. Observe from (3.2) that
for all n ≥ 1. By (3.3), (3.7) and Bernstein inequality for trigonometric polynomials, we obtain that
for all η ∈ [−1, 1] and n ≥ 1. Thus
by (1.1), (1.5) and (3.8) . Therefore the infinite product in (3.5) is welldefined and φ is a compactly supported distribution. Let C 0 > 0 be so chosen that
, we obtain from (1.1), (1.5), (3.4), (3.9) and (3.10) that (1.5) and the definition of a maximal tree mapping that
and (3.14)
For the nontrivial case that K(δ) ∅, there exist finitely many positive integers n 1 < n 2 < . . . < n K by (2.3) such that
Then by (3.7), (3.11)-(3.14) and the definition of a maximal tree mapping, we get
For the trivial case that K(δ) = ∅,
where the last inequality follows from (3.12), (3.13) and (3.14) .
Define
The sets Λ L , L ≥ 1, are well-defined and satisfy 
for all ξ ∈ [0, 1/2) and λ ∈ Λ L . By (1.2), (1.5), (3.2) and the definition of a maximal tree mapping, we can prove
by induction on L ≥ 1. By (3.5), (3.7) and (3.19), we conclude that
Then taking limit L → ∞ in the above inequality and using (3.17) yield (3.20)
Given an arbitrary ǫ > 0 and L ≥ 1, there exist an integer M ≥ L by (1.1), (1.5), (3.5) and (3.8) such that
for all ξ ∈ [0, 1/2) and λ ∈ Λ L . By (3.18), (3.19) and (3.21), we obtain that
Taking limit L → +∞ and using (3.17) and (3.20), we have that
This completes the proof of the desired equation (3.6) as ǫ > 0 is chosen arbitrarily.
We remark that trigonometric polynomials satisfying (3.2), known as multi-channel quadrature mirror filters, are important for the construction of multiband orthonormal wavelets [1, 33] . The requirement (3.4) could be thought as a weak version of Mallat's condition for a scaling function to have orthonormal shifts, cf. [2, 7, 28] .
Trigonometric polynomials G n (ξ), n ≥ 1, in Theorem 3.1 have factors
N for some N ≥ 2 [1, 33] , then one may establish the conclusion in Theorem 3.1 with the requirement (2.4) replaced by the following weaker assumption:
Appendix A. Homogeneous Cantor sets
In this appendix, we evaluate Hausdorff dimensions of homogeneous Cantor sets and prove Proposition 1. 
